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Compliant constant-torque mechanisms (CCTMs) are capable of delivering a stable output torque
across a wide range of input rotational angles. Owing to their compact design and structural
simplicity, they offer an attractive alternative to complex active control systems and have gained
considerable research attention in recent decades. In many cases, particularly those involving
large-stroke applications, CCTMs are fabricated from thin flexure beams using conventional
subtractive machining methods, which makes them vulnerable to fabrication-induced variations
that may compromise performance. This study presents an integrated design and optimization
framework that explicitly accounts for fabrication uncertainties, enhancing the reliability of
large-stroke CCTMs. By combining the Chained Beam-Constraint Model, the First-Order Reli-
ability Method, and the Non-dominated Sorting Genetic Algorithm II, a reliability-based design
optimization procedure is established. The optimized CCTM demonstrates a constant torque range
up to 88°, an average torque deviation within 3%, and a reliability of 99.88%. Theoretical an-
alyses, finite element simulations, and experimental validation confirm the framework’s effec-
tiveness in delivering robust and high-performance CCTMs suitable for precision applications.

1. Introduction

Compliant mechanism (CM) and its special categories such as bistable mechanisms [1], multi-stable mechanisms [2], constant force
mechanisms (CFMs) [3], and constant torque mechanisms (CTMs) [4] exhibit remarkable characteristics inherent to CMs, including
simplicity, lightweight, mobility, and precision. Bistable mechanisms and multi-stable mechanisms are known for their ability to
maintain multiple stable positions, making them ideal for applications requiring discrete positional control. CFMs provide a consistent
force over a range of displacements, which is beneficial in applications like force sensors and actuators [5]. Among these, CTMs are
particularly valuable due to their ability to deliver a constant torque over a range of motion. However, designing CTMs remains
challenging, primarily because of limitations in their achievable rotation range. Despite this, CTMs have been widely utilized in
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Fig. 1. Torque - angle curve of a constant-torque mechanism.

various applications, demonstrating their versatility and importance in the field of compliant mechanism design. Common applications
of CTMs include assistive devices [6,7], constant-force grippers [8], medical instruments [9] and torsional vibration isolators [10].

Despite their potential, the design of CTMs remains challenging, especially for achieving large-stroke performance while main-
taining torque constancy. Two dominant design strategies have emerged: stiffness combination methods [10-13] and optimized beam
profiles [14-16]. While several “large-stroke” CTMs have been proposed [17-19], they commonly exhibit preload regions that precede
the constant-torque phase, thereby limiting their effectiveness. Pre-compressed beams have been introduced to address this issue [12,
20,21], yet these solutions have not eliminated the key limitations.

From previous studies, it is evident that most large-stroke CCTMs rely on optimal curve beams for their design. Despite advances in
this area, a closer examination of existing literature reveals three persistent and interrelated challenges that hinder further ad-
vancements in large-stroke CTM design: (1) nonlinear torque modeling under large deformations, (2) material performance under
large strain, and (3) fabrication-induced uncertainties.

First, accurate and efficient computational models are essential for simulating and optimizing the rotation-torque behavior.
Although several techniques exist [22], many are computationally expensive or insufficiently accurate for complex geometries. Among
them, the chained beam-constrained model (CBCM) has been proven to provide both simplicity and accuracy in modeling large de-
formations of straight beams [23], arc-curved beams [24], and arbitrary curved beams [25]. Additionally, CBCM offers a significant
reduction in computation time compared to nonlinear finite element analysis (FEA) method [23,25,26], making it an ideal candidate
for iterative optimization.

Second, due to the large deformation experienced by CCTMs, selecting appropriate materials is crucial. According to the literature,
polymers are generally considered the most suitable material for this type of mechanism. However, a polymer with a low elastic
modulus can lead to a reduced output torque, limiting the practical applications of the mechanism. Among available polymers, pol-
yether ether ketone (PEEK) has been widely adopted in the design of large-stroke CCTMs because of its favorable mechanical prop-
erties [17-19,27]. In this study, PEEK is selected as the primary material for CCTM fabrication.

Third, although PEEK offers excellent mechanical and thermal properties, achieving precise flexure beam geometries from this
material is nontrivial. Due to the substantial deformation characteristics required in CCTMs, slender flexure beams typically require a
width of less than 0.7 mm and an out-of-plane thickness of at least 5.0 mm to ensure their performance [17,27,28]. Conventional
manufacturing methods struggle with the thin, high-aspect-ratio features required for in-plane bending. CNC milling, though common,
introduces random errors due to cutting forces, leading to shape distortions and variations in beam width between designed and
fabricated geometries [12,17,19,27,28]. These deviations often push designs beyond acceptable performance limits.

Current deterministic optimization approaches do not explicitly consider such uncertainties. As a result, designs may lie perilously
close to unsafe boundaries, rendering them unreliable under real-world conditions. To address this problem, it is essential to adopt a
design framework that explicitly accounts for uncertainties and ensures that optimal solutions reside well within the safety domain.
Reliability-based design optimization (RBDO) frameworks incorporate probabilistic constraints, ensuring that optimized designs are
robust against manufacturing-induced variations. Surprisingly, despite their relevance, RBDO methods have not been integrated into
CTM design. This omission represents a significant research gap.

Various approaches have been proposed to solve reliability analysis problems, with the most commonly used methods including the
First Order Reliability Method (FORM), the Second Order Reliability Method (SORM) [29] and Monte Carlo Simulation (MCS) [30].
Among these, MCS, while accurate, demands significant computational resources, rendering its impractical for complex,
multi-variable problems such as the optimization of CCTMs. Considering the trade-off between computational efficiency and accuracy,
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Fig. 2. CCTM concept of (a) complete structure and (b) one branch.

FORM is selected for the reliability analysis in this research. Furthermore, to integrate reliability analysis with optimization and
establish a comprehensive RBDO framework, three main strategies have been proposed: Double Loop Method (DLM) [31], Decouple
Double Loop Method (DDLM) also known as Sequential Optimization and Reliability Assessment (SORA) [32], and Single Loop
Deterministic Method (SLDM) [33]. Among these approaches, DLM is chosen in this study due to its ability to directly incorporate
reliability constraints within the optimization algorithm, simplifying implementation and enhancing the integration of reliability
considerations into the design process.

This study addresses the mentioned research gap by proposing a multi-objective RBDO framework for the design of large-stroke
CTMs fabricated from PEEK. The framework incorporates shape and size deviations of flexure beams due to machining errors.
CBCM is used for efficient kinetostatic analysis. FORM is employed for reliability evaluation due to its balance of accuracy, and ef-
ficiency and the optimization is performed using NSGA-II, with reliability constraints integrated via the DLM method, to ensure robust
and feasible designs. The result is a novel CTM design that achieves a large angular stroke of up to 88° within a compact footprint while
explicitly accounting for manufacturing uncertainties. This work not only advances the state of CTM design but also introduces a
generalized methodology for reliability-based optimization in compliant mechanisms.

2. Design and optimization
2.1. Design concept

A CCTM is designed to deliver a nearly constant torque over a specified range of motion, as illustrated in Fig. 1. At the onset of
operation, the rotational angle increases from O to 6;, resulting in a gradual rise in torque which is referred to as the preload stage.
Subsequently, as the angle continues to increase from 6; to 6, the torque remains approximately constant around the target value T,.
This phase is defined as the constant-torque stage. Within this range, the torque may fluctuate slightly around the target value but
remains within the allowable tolerance, thereby enabling the identification of the two characteristic points 6; and 02 on the torque-
angle response curve. While the torque magnitude can vary within defined limits to meet specific design objectives, maintaining this
characteristic can be challenging due to uncertainties arising during fabrication. To address these challenges, this research integrates
RBDO to ensure the robust performance of the CCTM, accounting for variations in the manufacturing process that may otherwise
compromise its constant torque behavior.

As illustrated in Fig. 1, the proposed CCTM in this study is inspired by bistable mechanisms (BMs). BMs are typically constructed
from curved beams [34], in which a negative stiffness region is located between two regions of positive stiffness. By integrating these
curved beams with additional flexural elements that compensate for the negative stiffness region and bring the overall stiffness to zero,
a CCTM can be obtained. To accomplish this, one end of the curved beam is connected to two straight beams to adjust the original
negative stiffness region of the BM, as shown in Fig. 2(b). The CCTM configuration proposed in this research comprises three sym-
metrically arranged compliant branches positioned between a rigid outer ring and a rotating inner shaft, as depicted in Fig. 2(a). Each
branch consists of three flexural elements, shown in Fig. 2(b): a curved beam g which serves as the primary deforming component, and
two straight beams, [; and I, which function as flexural pivots to minimize stress concentrations and enhance overall structural
integrity. This configuration is conceptually analogous to Bai’s parallel-guided compliant mechanism [17], which employs a similar
approach to alleviate axial loading on their main straight beam. However, the inclusion of a curved beam in conjunction with two
straight beams in the present design introduces additional degrees of freedom and design flexibility, enabling the development of
mechanisms with a broader constant torque working range and a more compact structure.

Structurally, one end of each straight beam is anchored to the rigid outer ring at points A and C. The three flexural elements
intersect at point B, forming a critical junction in the compliant branch. The free end of the curved beam g connects to a rigid link k at
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point D, which simultaneously serves as the rotating shaft in the complete mechanism (Fig. 2(a)). When an external torque T is applied
to the rigid link k, causing rotation about point O, the flexural elements deform accordingly. After surpassing an initial preload region,
the mechanism produces a torque output that remains nearly constant over a designated range of rotation angles, known as the

constant torque working range.

2.2. Kinetostatic model

Due to the symmetrical configuration, only one branch is used for kinetostatic analysis, as shown in Fig. 3. The flexible beams have
uniform width values, where w; and wy are the widths of the straight and curved beams, respectively. All three beams have equal and
uniform thickness t throughout their lengths. The lower straight beam (I ) passes through two points C; (x1,y1) and Cx(xz2,y2), while the
upper straight beam (I;) passes through two points Cy(x2,y2) and C3(x3,y3). The curved beam (g) is a cubic Bezier curve which is

4
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P

Fig. 5. Free body diagram of (a) element 1, (b) element 2, (c) element 3, (d) element 4.

parameterized by four control points C(x2,¥2), C4(X4,¥4), Cs(xs,¥s), and Ce(xs,¥s) follows as. To achieve the desired design ob-
jectives, the configuration’s shape and size must be adjusted within the design space by modifying fifteen design variables (DVs),
including the twelve coordinates of points C; to Cs and three variables w;, w,, t. However, to reduce computation time by minimizing
the number of DVs, point C; is constrained to the horizontal centerline, setting its coordinates to (x2, 0). Additionally, point Cg is fixed
on the inner ring of radius R;, and is determined by the angle y. The radius R;, is constrained to be sufficiently large to serve as the
rotating shaft of the mechanism. Consequently, point Cg (xe, y6) coordinates are re-parameterized as (Rpsiny, Ricosy). Since the
thickness t influences only the magnitude of the torque without altering the characteristics of the torque graph, it is not chosen as a DV.
As a result, the model retains thirteen DVs: the coordinates x;, y1,X2,X3,Y3,X4,Y4,Xs,Ys, the radius R;,, the angle y and the uniform
widths wy, wy, as illustrated in Fig. 3.

Due to the significant advantages outlined in the introduction, CBCM has been used to model the CCTM to calculate the relationship
among rotation, torque, and stress [23]. To facilitate the model description, the ends of beams are labeled A, B, C, and D, as shown in
Fig. 4, similar to Fig. 2. These three beams intersect at point B, while points A and C are fixed. Point C is chosen as the origin of the
global coordinate system XCY. According to the results of a convergence study, the straight beams AB and BC are divided into two
elements each, while the curved beam BD is divided into 15 elements. Thus, beam BC consists of elements 1 and 2, beam AB consists of
elements 3 and 4, and beam BD consists of elements 5 through 19.

As shown in Figs. 5 and 6, after releasing the link, we apply the transverse force F;, axial force P; and moment M; to elements 1, 2, 3,
4, and 5 along with the local coordinate system O;X;Y; attached to each element (i =1, 2, ..., 5). Each local coordinate system creates
an angle g; with the global coordinate system XCY. The displacements in the X; and Y; directions are AX; and AY;, respectively. The
rotational deformation angle of the i element, measured relative to its initial position in the direction of the X; axis, is denoted as ;.
The length of each element measured along the X; axis is denoted as L;. We derive the expressions from (1) to (9) according to the static
equilibrium condition.
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Fig. 6. Free body diagram of the element 5.

Fig. 7. Discretization for the curved beam.

P, = Pycosa; — Fosina; @
F, = Fycosa; + Posinay (2)
M = My + Fy(Ly + AX,) — P,AY, 3)
P; = P,cosas — Fysinas 4
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F;3 = Fycosas + Pssinag %)
M3 = My + F4(Ly + AXy) — P4AY, (6)
Pycos(B, +ar) — Fasin(f, + a1) + Pacos(f, + as) — F4sin(B, + as) + Pscos(fs + a1 +a2) — Fscos(fs + a1 +a2) =0 )
—Pysin(p, + 1) + Facos(B, +a1) + Pssin(f, + as) + Facos(f, + as) + Pssin(fs + a1 +a2) + Fscos(fs +a1 +az) =0 ®)
M, + My — Ms + PsAYs — F5(Ls + AX5) = 0 ©)

The angle between the rigid link OD and the horizontal axis at the initial position and the later position (deformed position of the
CCTM) is denoted by 6, and 6, respectively. Therefore, the displacement of the mechanism is the rotation angle ranging from 0 to (8 —
0,), as shown in Fig. 4.

The connection between the curved beam BD and the rigid link OD is released by applying forces F,, P,, and moment M, at the
endpoint D. The curved beam is divided into 15 elements (from element 5 to element 19), with each element with length L; attached to
a coordinate system O;X;Y; located at its left end and forming an angle g; with the global coordinate system, as shown in Fig. 7.

The static equilibrium equations between the 5% element and the i elements (i = 6, 7, ..., 19) can be denoted in the matrix form,
as shown in Eq. (10):
cos (¢, — fs) —sin(p;—Ps) O] [ P Ps
sin(p; —fis)  cos(p;—ps) O| | F | =| Fs (10)
—AY; Li+AX) 1] |M; M;

The rotational deformation angle of the i element, measured relative to its initial position, is denoted as ;, as shown in Fig. 8. The
slope ¢, of the i element after deformation, relative to the global coordinate system, is defined as follows:

i—1
=B+ an
k=5

Force-displacement relationship of each element obtained from BCM [35]:

{fi } _ {12 —6] {53/1-] +pi{ 6/5 —1/10} {5%} +p2[—1/700 1/1400 Hayi] 12)

m| -6 4|« -1/10  2/15 || & | " Pi|1/1400 —11/6300 | &
ep 1 6/5 —1/10][éy ~1/700  1/1400 |[éy;
=102 5 “i}{—l/lo 2/15 Hai] Py “”[1/1400 —11/6300}{0{1»} (13)

in which the force parameters F;, P;, M; and the deformation parameters AX;, AY;, a; of the i element have been normalized as
follows:

_PIL?

» FL? MiL; AX; AY;
=

m; = ; OX; = e5}’i:T
15

fi=

IR ;0 =@ a4

EI’ El’ L;

Where E is the Young’s modulus of the material. The moment of inertia of the beam cross section is I = tw®/12 with w is the in-plane
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thickness of the beams (w; for the straight beams and w; for the curved beam).

Finally, geometric constraints must be added to the model to calculate the relationship between angular displacement and output
torque. Let O be the rotational center of the mechanism, which is the center of the circle of radius R;,, and let A and C be fixed points.
The distances OA and OC, when projected onto the X and Y directions of the global coordinate system, remain fixed regardless of
whether the compliant elements are in their initial or deformed state. Therefore, the additional geometric constraint equations are as
follows:

2": Hcos(wi +as+as) —sin(p; + as + a4)] {Li(l + AX;) H B {LXAD — Rinc0s6, + RincosO 1s)

— cos(p; + a1 +az)  —sin(p; + o1 + az) LiAY; | LX¢p — Rincos6, + RincosO

L3(1 + AX3)sinfy + L3AYscosfs + La(1 4+ AX4)sin(f, + as) + LaAYscos (B4 + a3)
- i [sin(g; + as + a4)L;i(1 + AX;) + cos (¢; + as + a4)L;AY)
i=5
= LY p + Ripsinf, — R;,sinf ae)
L (1 + AX)sinf, + LiAYicospy + La(1 4+ AXp)sin(fy +a1) + LaAYocos(fy +an)

n
- Z [sin(p; + a1 +a2)Li(1 + AX;) + cos (¢; + a1 +a2)LiAY]]

i=5

= LY¢p — Ripsind, + Rjpsind a7
n
a1+a2+Zai:6’790 (18)
i=5
n
da=0-0, (19)
i=3

From this, we can determine the reaction torque generated when an input rotation angle is applied, as expressed by the following
equation:

T = FyRincos(0 — a; — @z — 1) — PoRinsin(0 — ay — az — 1) + M, (20)

where:

Ry, is the radius of the inner ring or the length of rigid link OD.

LXap, LXcp, LY ap, and LY¢p are the distances of AD and CD, respectively, projected onto the X and Y directions of the global co-
ordinate system in the undeformed state (Fig. 4) and are determined as follows:

LXap = LXpp — LXap (21)
LXcp = LXpp — LXcp (22)
LYap =LYag — LYpp (23)
LYcp = LYcp + LXpp (24)

Here, the symbols LX and LY represent the distances projected onto the X and Y directions of the global coordinate system in the
undeformed state shown in Fig. 4 and are determined as follows:

LXcp = Licosp, + Lacosp, (25)
LY = L]Sinﬁl + Lgsin/}z (26)
LXap = L3cosps + Lycosp, 27)
LYAB = L3$iTlﬂ3 + L4Sinﬂ4 (28)
19
LXpp = ZLicos/ii (29)
=5
19
LYgp = ZLiSiTlﬁi (30)

i=5
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where L; is the length of the i* element measured along the O;X; axis:

L= \/(xi+1 —x)* + i1 —30)? (€19
The rotation angles j; of the local coordinate systems relative to the global coordinate system (relative to the OX axis):
i1 — xi

(xie1 — x:)2 + (i1 —¥i

ﬂi—arccos< 2>,(i—17 2, ..,19) (32)
)

The coordinates x;, y; of the points on the curved beam BD are determined from the cubic Bezier curve equation with four control
points C,, C4, Cs, and Cg:

P(t) = (1 —1)3Cy 4+ 3t(1 — £)°C4 + 3t2(1 —t)Cs + £3Cs (33)

in which t € [0,1]. If the curve is divided into n elements, the value of t will be divided into steps of 1/n. Forn = 15, there are sixteen
t-values between 0 and 1 with steps of 1/15. By substituting these values of t and the coordinates of the control points into Eq. (33), we
obtain the coordinates (x;,y;) of the points on the curve, which are then used to calculate the angles and lengths based on Eqs. (31) and
(32).

The normal stress of a single element is defined as follows:

6(x) = 0p(x) + 04 34

where 0, (x) is the bending stress at distance x from the origin of each segment and normalized by L;, and o, is the tensile stress due to
the axial force P

The bending stress at position x (occurring at the outermost fibers of the cross-section w/2) is obtained once the displacement AY; is
achieved [23]:

M(x)w EAY]'w
op(x) :¥ 5= g X€ [0;1] (35)

where M(x) is the internal bending moment at position x. AY;" is the curvature and is non-dimensionalized in CBCM (normalized by L;).
AY;" is defined for two cases:

for p; > 0, (r:\/ﬂ-)

AY) = tanhrcosh(rx) — sinh(rx) . cosh(rx)mi 36)
r coshr
forp; <0, (r=/=p;)
AY — tanrcos(rx) — s1n(rx)fi N cos(rx)mi 37)
r cosr

The tensile stress is calculated as follows:

|P;| pi[w?
Fil_F
%A T U1ar2

(38)

in which A = wt is the cross-sectional area of the beam.
Thus, as a result of the calculation process using CBCM, the torque is obtained from Eq. (20) and the stress from Eq. (34).

2.3. Reliability-based NSGA-II optimization

This research aims to develop a CCTM with a maximized constant torque working range and minimized deviation between the
generated and target torque, while ensuring reliable performance under manufacturing variability. In this study, the multi-objective
optimization is performed using NSGA-II, with CBCM-based kinetostatic analysis and FORM-based reliability assessment. The NSGA-II
algorithm was selected for its effectiveness in solving complex multi-objective nonlinear optimization problems, particularly through
its non-dominated sorting and crowding distance mechanisms for maintaining solution diversity [36]. The optimization considers two
objective functions: (1) maximizing the constant torque working range, as defined in Eq. (39), and (2) minimizing the deviation from
the desired torque T, as given in Eq. (40)

Maximize(S) (39)
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Table 1
Formulation of the CCTM reliability-based optimization.

1. Objective functions:

- Maximize the constant torque stroke according to Eq. (39)

- Minimize the output torque deviation according to Eq. (40)

2. Limit state function (*):

-{G(Xi) — Do <0} > ®(p) (41)
- With eight random variables: {X;} = {xzﬁyz,x“,y“,xs,ys‘,wl? wZ}

- Reliability R > 99%

3. Design variables:

- Coordinates of control points: x1,y1,X2,X3,Y3,X4,Y4,Xs5,Y5
- Beam widths: wy, wy

- Inner ring’s radius: R,

- Initial angle of the rotating shaft: y

4. Constraints:

i. & : 8 <Rj <12 (mm)

il g :R% <x?+y? <R%, (Ru <50;i=1,2,..5)
iii 831 X2 < X4 < X5

v g:y1<0<ys

v gt <y < ad)
vii g:05<w; <10 (mm) (i=1,2)
vii. g7 : 230 < T, < 260(Nmm)
viii. Maximum stress, gg : om < 6y /SF
ix.  Constant-torque stroke (degree): (*)
g&: S —70<0
X. Output torque deviation: (*)
go: [T —Te|— 0.03Te <0

0y
Minimizef () = / (T-T,)%do (40)

01

As shown in Fig. 1, 6; and 0, define the boundaries of the constant torque region. The desired constant torque value T, is determined
by taking the maximum torque value within a predefined range of initial rotation angles of the mechanism, set at 20°. However,
depending on the specific design configuration, the algorithm adjusts 6; and 6, so that the torque values T(6;) and T(¢,) remain within
+3% of T.. In addition, the selection of #; and #, must satisfy the constraint on the maximum value of the constant torque region.
Therefore, these parameters are not predetermined for the optimization process.

The optimization problem is summarized in Table 1. Thirteen design variables as described in Section 2.2 are involved, subject to
eight constraint functions, g; to gs. These constraints control different aspects such as mounting space, branch geometry, rigid link
angle, beam width, total torque range, and material stress limits. Function g; ensures sufficient space for mounting a shaft at the center
of the mechanism. Function g, constrains the points from C; to Cs to move freely within an annular region defined by the radii (R,
Rout) and ensures that the outer diameter of the mechanism does not exceed 100 mm. Functions g; and g4 constrain the control points
to be in the desired order, avoiding creating infeasible designs. Function gs restricts the search range of the rigid link angle (y), which
determines point Cs(Rinsiny, Ripcosy). Function g constrains the uniform widths of the beams. Function g; controls the algorithm to
search for CCTMs with overall T, values, including three compliant branches, in the range of 230 — 260 (Nmm). Function gg ensures
that the mechanism operates within the elastic range of the material, where the safety factor (SF) is 1.2. Besides the two objective
functions and eight constraint functions used in the deterministic optimization introduced above, two additional limit state functions
go and gjo ensure the optimized CCTM achieves a working range greater than 70° and an output torque deviation less than 3% from T,
with 99% reliability.

Based on prior experience with CCTMs, several key design parameters are selected as random variables for reliability analysis
because of their sensitivity to the limit state functions. Among the three beams connected to form a branch of the structure, the curved
beam plays the most critical role, primarily in deformation. However, point Cg, located on the inner circle, which is the rigid part of the
structure, has minimal machining error. Furthermore, this point typically has little effect on the overall characteristics of CCTMs, so the
values determining this point, including R, and y, are not chosen as random variables. Although the y-coordinate (y2) of point C; is
fixed at 0, this intersection point of the three beams significantly influences the shape of the entire structure. Therefore, it is treated as a
random variable in the reliability analysis, with an average value of 0. The beam width primarily affects torque and stress values.
However, when multiple beams are used to form a branch, as in this case, the correlation between beam widths significantly affects
design objectives and reliability. Hence, the values w; and w, are also chosen as random variables.

With the above analysis, this reliability-based optimization problem has eight random variables, including the coordinates of points
C»,C4,Cs and two beam widths wy, w,. These variables follow normal distributions, with mean values (y;) equal to their design so-
lutions and standard deviations (o;) derived from experimental data. Statistical analysis shows that the standard deviation (STD) ¢ can
be approximately as 6; = 0.05 mm. Therefore, this STD value has been applied to all random variables in the model. For an implicit and
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Fig. 9. The flowchart of the reliability-based optimization algorithm.

complex objective function like the one in this problem, suitable methods for the reliability analysis step include FORM, SORM, or
MSC. However, FORM is employed for reliability analysis due to its computational efficiency.

The flowchart of the multi-objective reliability-based optimization algorithm is shown in Fig. 9. This process consists of two in-
tegrated steps performed automatically using MATLAB. The input parameters are predefined, including material properties, out-of-
plane thickness, design space, and the maximum rotation angle of the mechanism. In addition, the GA parameters required for the
algorithm to operate are shown in the “Define GA settings” box. First, using the preliminary input values, MATLAB randomly generates
initial population with N = 40 candidates. The necessary condition for each design to be feasible if it satisfies the first eight constraints
in Table 1 (g — gs). Designs are then iteratively evolved using NSGA-II, with each iteration evaluating torque-rotation behavior via
CBCM and reliability via FORM.

In each generation of evolution, after a set of optimal solutions are found by the Deterministic optimization block, each design point
has thirteen DVs fulfilled the previous constraint functions (g1 — gs). Next eight random variables {X;} from this design parameter set
are further analyzed for reliability by considering the uncertainty of the input data via the Reliability analysis FORM block. This
analysis step verifies the two last constraints (known as limit state functions) gy and g in Table 1. If these constraints are satisfied, the
reliability index (f) will be calculated using the FORM method [30], ensuring that regardless of the uncertainty in the practical
fabrication of the random variables, the optimum CCTM can still maintain its performance with 99% reliability.

Theoretically, the matrix procedure of FORM consists of the following steps [30]:

1. Formulate the two limit state functions, go and g19, which are implicit functions of the eight random variables {X;}.
2. Set an initial design point {x;‘} of the random variables X; (often choose mean values ;)
3. Determine the reduced variables {z; } corresponding to the design point {x;}

X —
Z = Xi T (42)

Oy,

i

4. Determine the partial derivatives of the limit state functions with respect to the reduced variables using:

{G} = {G; G>...Gs}" (43)
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. %8 __ 08 0x; _ 0%
where G; = 0z |evaluated at design point — ox; a_le = ox0xi
For the implicit functions, gy and g1, we use the finite difference technique to calculate dg;/0x; as:

agi 8i (xi|evaluated at design point + Axi) — & <xi|evaluated at design point)
0xi n Axi

5. Calculate an estimate of a reliability index f using the following formula:

8i

ﬁnew = ﬁold s
Vi6Y' {6}

6. Calculate a column vector containing the sensitivity factors using:

{6}

V{GY{G}

7. Determine the new design point in reduced variable space for n = 8 random variables, using:

Z: = aiﬂnew

8. Determine the corresponding design point values in original coordinates for eight values in Step 7 using:

12
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Table 2
Optimal values of design variables.
Design variables Value Unit
(e1,1) (-39.88, -15.42) mm
X2 -38.05 mm
(x3.¥3) (-30.58, 16.45) mm
(%4,¥s) (-30.64, -14.36) mm
(%5.¥s) (-8.63, 19.88) mm
wy 0.53 mm
wo 0.60 mm
Rin 10.50 mm
y 120 degree
100 - - - - - 160
-
- -
=80} .
g . - L 120
Z. : Phe : | —_
\&.; 60 | | . - I oc:s
- — I
=) | f77 ~. 7 , g0 S
) 1 Torque-CBCM | <
HO 4011 ! = ==Torque-FEM 1 @
X - - - Stress-CBCM . 1 o
L ! ! 5
20 i | 140
' Constant torque region ! |
1 I
0 by, 16,

- . : - 0
0 20 40 60 80 100 120
Input rotation (degree)

Fig. 11. Torque and stress results obtained from RBDO.

X; = py, + 20, (47)

9. Repeat Steps 3 to 8 until § and the design point {x}} converge.

Finally, NSGA-II calculates the fitness value of each design to compare and rank them with other designs in the current generation.
Offspring are generated using a specific type of crossover or mutation. Based on comparing crowding distance and non-dominated
sorting, NSGA-II selects the most suitable individuals for the next generation. The algorithm terminates when one of the following
conditions is met: 1) the evolution converges or the difference between two consecutive generations of the objective function is less
than the tolerance; 2) the maximum number of generations of evolution (maxi,) is reached.

In this study, PEEK is selected as the material for the mechanism. For the isotropic and linear elastic models, Young’s modulus (E)
and Poisson’s ratio (v,) of PEEK were taken as 3.58 GPa and 0.3, respectively. The thickness of the mechanism was chosen to be 10.0
mm.

3. Results and discussion
3.1. Optimization results

The evolutionary process converged after 80 generations. The population distribution of several selected generations is illustrated
in Fig. 10. Using the proposed RBDO optimization framework, an optimum solution of the CCTM is presented in Table 2 with a
reliability index value of § = 3.0281, equivalent to 99.88% reliability. With the definition of the T, value as the position with the
largest torque in the initial rotation angle set to 20°, the preliminary expected torque is T, = 80.68 Nmm (this is the single T, value for
one branch of the mechanism). This mechanism exhibits a large torque stability range of 88° with the torque values of 79.11 Nmm at
17° and 82.95 Nmm at 105°, respectively. Within this range, the maximum and minimum torques are 82.95 Nmm at 105° and
78.48 Nmm at 79°, with the corresponding deviation of 2.8% and 2.7% from the targeted torque, respectively. Therefore, the
mechanism meets the requirement of output torque deviation not exceeding 3%.

The maximum stress value of the mechanism calculated from CBCM is 141.1MPa at the rotation angle of 105°. The yield strength of
PEEK is 210MPa, with a safety factor of SF = 1.2, resulting in an allowable stress of 175MPa. Hence, the maximum stress of the CCTM
remains within the allowable stress limits of the material, ensuring that the mechanism operates within the elastic deformation zone.
Fig. 11 illustrates the relationship between torque, stress and input rotation angle. The optimal shape of the compliant beams for a
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Fig. 13. FEM simulated deformed shape of the CCTM.
branch and its completed 3D configuration is also shown in Fig. 12.

3.2. FEM verification and experiments

Nonlinear FEM simulations were conducted using the commercial software ABAQUS, alongside experimental testing, to verify the
results of the analytical model described previously. The curved beam was discretized into forty elements, with each straight beam
divided into thirty B21 2-node linear beam elements. Similarly, the rigid link was also modeled as a 2-node element, with the geometric
nonlinearity option is enable.

The torque-rotation results obtained from the FEM simulation demonstrated excellent agreement with the results from CBCM
calculation, as shown in Fig. 11. The principal stress, as calculated using CBCM, was compared to the distribution of principal stress
along the compliant beams using FEM simulation (Fig. 13). The maximum stress in the FEM simulation occurred at the rotation of 105°
is 140.0MPa, which is slightly lower than the stress value predicted by CBCM (6mq = 141.1MPa).

For experimental evaluation, a CCTM made from PEEK was fabricated by CNC milling. Prior to the experiment, the mechanism was
tested for machining accuracy to ensure that the machining error met the STD required for the reliability analysis. A 3D scan of the
actual mechanism was performed to compare it with the design model. The scanning process was conducted using an ATOS Core 300
scanner (GOM, Germany), as shown in Fig. 14(a). The actual machining profile and the design profile are presented in Fig. 14(b). This
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Fig. 14. (a) 3D scanning of the mechanism and (b) comparison of the 2D profiles of the actual mechanism and the designed mechanism.

Table 3
Evaluate the widths of the beams.
Branch 1 Branch 2 Branch 3
Curve 1 AB BC Curve 2 DE EF Curve 3 GH HK
Mean 0.572 0.506 0.495 0.568 0.494 0.485 0.578 0.504 0.495
STD 0.025 0.007 0.004 0.033 0.009 0.004 0.017 0.009 0.004
CoV 4.511 1.510 0.837 5.997 0.820 2.099 3.099 1.816 0.843
Table 4
Evaluate the position deviation of the actual curves.
Curve 1 Curve 2 Curve 3
Mean 0.133 0.046 0.101
STD 0.038 0.043 0.048
CoV 28.589 94.206 48.059

comparison was carried out to evaluate the width of the beams and the shape of the curved beams.

First, the dimensions are evaluated based on the widths measured at 10 points along each straight beam and 20 points along each
curved beam. Next, the mean values, STDs, and coefficients of variation of the dimensions are calculated, as shown in Table 3. With the
optimal widths set at 0.53 mm for the straight beams and 0.60 mm for the curved beams, and the calculated STD of 0.05 mm, the
average width values meet the required specifications. Notably, the width values of the curved beams exhibit a significantly larger STD
compared to those of the straight beams. Additionally, the widths of the curved beams show greater variation, particularly at their
starting positions. This indicates that achieving uniform widths along the entire length of straight beams is easier than for curved
beams.

As mentioned above, the straight beams primarily serve to reduce stress and do not significantly impact the structural charac-
teristics. Therefore, the coordinates defining their shape and position are not considered random variables for reliability evaluation.
Instead, we focus on assessing the shape deviation of the curved beams by evaluating their positional deviations relative to the design.
The actual and designed curved beams are represented as curves positioned within their width w. The distance between corresponding
points on the actual and designed curves is measured at 20 positions. These deviation values are used to calculate the mean deviation,
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Fig. 16. Images of the CCTM in its original position and deformed at 50° and 100°.

STD, and coefficient of variation (CoV), as presented in Table 4. The results indicate that the curve 1 has the largest positional deviation
from the design. However, its STD and CoV suggest that the deviation is relatively uniform. The curve 2 exhibits the highest positional
agreement with the design, but its CoV value reveals significant variation in the distances between the actual and design curves. The
position of the curve 2 deviates considerably at the beginning near the shaft but then closely aligns with the design curve. Overall, the
STD of the positional deviations for all three curves remains within the allowable limit of 0.05.

The fabricated prototype was finally assembled into an experimental setup, as illustrated in Fig. 15. The CCTM (1) was mechan-
ically constrained with five degrees of freedom using a planar surface and a central cylindrical guide, allowing rotation exclusively
about its central axis. The outer ring of the mechanism was fixed to a mounting plate (2), which was in turn secured to a vertical
support frame. To induce rotational motion, the system employed a worm drive mechanism rather than a direct-drive actuation. This
configuration enabled perpendicular motion from a stepper motor (5) to be transmitted to the CCTM with high precision. The motor,
controlled via an Arduino board (6) interfaced with a computer (7), drove a worm screw directly connected to its shaft, which in turn
actuated a worm gear (4). This drive system rotated a digital torque screwdriver (3), which was mechanically coupled to the CCTM to
produce controlled deflection.

Reaction torque was measured directly via the digital screwdriver, as indicated in the enlarged view in Fig. 15. Torque readings
were recorded using a GLK060 digital torque screwdriver (KTC, Japan) at 5° rotational increments. The measurement process was
repeated five times to compute average values and assess measurement uncertainty. Furthermore, the torque at a 17° position was
specifically recorded for comparison with the theoretically predicted constant-torque region. The actual deformation of the mechanism
in the as-fabricated configuration, as well as at various intermediate deflection states, is presented in Fig. 16.

The comparison of torque values from the analytical model, FEM simulation, and experimental results is presented in Fig. 17. To
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)

Fig. 18. Fillet at the actual intersection of three beams.

facilitate comparison, the calculated torque values from both CBCM and FEM were scaled by a factor of three to match the values
measured on the actual structure. A strong agreement was observed between the CBCM and FEM results. The experimental data also
closely aligned with the theoretical and simulated values. The deviation between the measured and FEM simulation values was more
significant at lower rotation angles, but gradually decreased and became negligible at higher angles. The maximum deviation occurs at
a rotation angle of 20°, with an error of 1.67%. The average operational torque ranged between 17° and 105° was 240.4Nmm. The
largest error of 2.9% compared to this nominal targeted torque, occurred at the 30° rotation angle, where the torque value was
247.39Nmm. With an error of less than 3%, the experimental results remain within acceptable limits and meet the specified
requirements.

While the mechanism meets the objectives with high reliability, the intersection of the three beams at point C, which was designed
to reduce stress, results in greater machining errors than designs without such intersections. These errors arise because the intersection
is treated as a single point in theoretical calculations using CBCM and FEM with 1-D elements, while a fillet must be introduced at this
intersection in practical machining using the milling method. If the fillet is too small, the cutting tool may not be able to meet the
required cutter diameter and cutting length to penetrate the full thickness of the structure.

Currently, the actual structure is being machined with a fillet radius of 1.0 mm, making the size of point C, larger than the
simulated value, as shown in Fig. 18. In addition, variations in the measurement process and inconsistencies in the beam width,
particularly in designs with intersecting beams like the current configuration of the CCTM, may contribute to errors in the experi-
mental results. The reliability analysis above assumes uniformity in beam width along the length of the beam with random variation
considered within a specific standard deviation. Further investigation in these issues will be conducted in future studies.

To evaluate the compactness of the mechanism, the non-dimensional ratio S* of the constant-torque working range S relative to the
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Fig. 19. Compare the proposed CCTM with published CCTMs.

overall size of the mechanism was calculated using Eq. (48). With an outer ring diameter of D, = 85.51 mm, passing through the
control point C; (Fig. 3), the proposed CCTM exhibits the largest S* among previously reported designs, as shown in Fig. 19.
Furthermore, the fluctuation in output torque within the constant-torque range was quantified using Eq. (49) and is also illustrated in
Fig. 19. The results demonstrate that the proposed CCTM achieves not only a wide constant-torque range within a compact form factor
but also good torque stability compared to existing CCTMs. These findings confirm the successful design of a compact CCTM with an
extended operational range, taking into account potential machining errors.

. S
S == D_o (48)
. Tmin
Fluctuation =1 — T (49)

where Tpin and Tmax denote the minimum and maximum torque within the constant-torque range, respectively.

In evaluating CCTMs, it is instructive to compare them with another class of statically balanced mechanisms (SBMs) exhibiting
similar operational behavior, the zero-torque compliant mechanisms (CMs) [10,12,13]. While both share the fundamental goal of
minimizing resistance over a defined motion range, their mechanical characteristics and application potential differ markedly. A
notable example is the type-1 mechanism in Ref. [12], whose symmetric design enables bidirectional rotation, thereby increasing the
rotation angle up to 80.2° while maintaining a compact configuration (S* = 0.80). However, these designs cannot sustain radial loads,
limiting their use in load-bearing or force-delivery applications. While their energy efficiency and smooth motion are advantageous for
certain precision positioning tasks, their functional scope differs substantially from CCTMs. Since the focus here is on CCTMs, the
detailed and expanded investigation of zero-torque CMs will not be further elaborated in this paper.

Consequently, this paper has successfully presented a novel CCTM design optimized via RBDO to address fabrication uncertainties.
Potential applications for this configuration include assistive devices, grippers, medical tools, or vibration isolators, as mentioned in
the introduction. Real-world integration requires meeting three key criteria: large stable-torque stroke, compact size, and high output.
It is an ongoing challenge and focus for future CCTM development.

4. Conclusions

This study successfully demonstrates an integrated RBDO framework for the robust design of large-stroke CCTMs, explicitly ac-
counting for fabrication uncertainties. By combining CBCM-based modeling, FORM reliability assessment, and NSGA-II optimization,
the proposed method achieves an optimum CCTM exhibiting high reliability (99.88%) and performance, with a large constant torque
range of 88° and minimal torque deviation. Theoretical analyses, FEM simulations, and experimental validation collectively confirm
the efficiency of the design methodology. Furthermore, the compactness and high reliability of the optimized CCTM underscore its
potential for precision applications in medical devices, robotics, and aerospace systems. This research lays the groundwork for more
reliable and practical deployment of compliant mechanisms by addressing fabrication uncertainties systematically. Future studies will
explore advanced manufacturing techniques and extend the methodology to multi-functional compliant mechanisms.
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This study addressed the development of a novel compliant constant-torque mechanism
(CCTM) that utilizes Bezier curved beams to provide a large stroke in the constant-
torque operating range. Previous CCTMs are limited by their working stroke, which
reduces their applicability. The proposed mechanism is based on an analytical model
using the chained beam-constraint model (CBCM), which captures the kinetostatic behavior
of flexible segments. A genetic algorithm based on the CBCM was used to obtain the optimal
structure, which was then verified through finite element analysis and experimental results.
The results show that the proposed CCTM provides good flatness with a deviation of 3.7%
and a large stroke of 80 deg in the constant-torque working range, while maintaining com-
pactness. This novel CCTM has the potential to provide a simple and effective solution for
torque regulators in various applications. [DOI: 10.1115/1.4063980]
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1 Introduction

Compliant mechanisms (CMs) take advantage of monolithic
structures, making them simple, compact, and lightweight, and
reducing the cost of fabrication, lubrication, and maintenance.
Because of their non-assembled structure, such mechanisms can
be easily scaled to small sizes [1]. In terms of the function of the
mechanism, CMs have special-purpose forms of bistable mecha-
nisms [2], multistable mechanisms [3], statically balanced mecha-
nisms [4], compliant constant-force mechanisms (CCEMs) [5],
and compliant constant-torque mechanisms (CCTMs) [6]. Over
the past few decades, CCTMs have been an exciting research
topic [7] because of their applications in rotational mechanisms,
for which constant-force mechanisms do not work [8]. Constant-
torque mechanisms can produce a nearly unchanged torque, regard-
less of the angular input in the operational range. Hence, it has been
considered as a solution for torque regulators instead of using a
sophisticated feedback system. This feature of CCTMs makes
them more portable and has been exploited for rehabilitative

'Corresponding author.

Contributed by the Mechanisms and Robotics Committee of ASME for publication
in the JOURNAL OF MECHANISMS AND RoBotics. Manuscript received August 8, 2023;
final manuscript received October 25, 2023; published online December 11, 2023.
Assoc. Editor: Guangbo Hao.

Journal of Mechanisms and Robotics

Copyright © 2023 by ASME

Keywords: compliant mechanisms, mechanism design, mechanism synthesis and analysis

devices or mobility-assisting devices for human joints [9] and sur-
gical applications [10].

Constant-torque mechanisms are zero-stiffness mechanisms
because their torque is stable when the displacement changes.
Two commonly used methods to create a compliant constant-torque
mechanism (CCTM) are a combination of negative- and
positive-stiffness structures and the employment of an optimal
curved beam. In the first method, negative-stiffness mechanisms,
which can be bistable or pre-buckled beams, are combined with a
cross-axis flexure hinge [11], spiral spring, optimized curved
beam, or folded beam with positive stiffness [12,13]. Based on
the kinematic limb singularity, a crank-slider linkage can generate
a zero-stiffness zone by varying the spring stiffness [14]. The
second approach applies optimization algorithms for curved
beams to obtain the desired input rotation—reaction torque curve
[15,16]. These curved beams can have uniform or non-uniform
widths (in-plane thickness).

Flexible segments of a CCTM must operate within the elastic
deformation range of the material. Furthermore, before reaching a
stable torque value, the CCTM suffers from a pre-loading range,
which usually accounts for one-third of the total input displacement.
This limits the working field and hampers the potential applications
of CCTMs. Some studies eliminated the pre-loading range, using
pre-compressed beams; however, the working range of these
CCTMs was not greater than 60 deg [12,17]. Another type of
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CCTM named bidirectional CCTM can generate the output constant
torque in both clockwise and counter-clockwise directions. This type
of mechanism has two layers for two operation directions, so it
requires an assembly to construct the structure. With pre-compressed
beams, this CCTM showed a constant torque working range of each
direction from O deg to 70 deg; however, the prototype was not
fabricated for validation [18]. With the type of stiffness combination
CCFM/CCTM, another approach to extend the working range is to
utilize multistage negative-stiffness mechanisms [19,20] or serially
connected curved beams that deform sequentially [21]. Conse-
quently, the operating ranges of these mechanisms could be
divided into multiple stages.

Curved beams have the advantages of large deflection and more
uniformly distributed stress than straight beams [22,23]; therefore,
they have been widely used in CCTMs. Hence, modeling nonlinear
deformations is the primary task in designing CCTMs. Various
methods for implementing this task are briefly reviewed in
Ref. [24], including the pseudo-rigid-body method, elliptic integral
solution, circle-arc method, and Adomian decomposition method.
More recently, the chained beam-constraint model (CBCM), a
descendent of the BCM, which is only accurate for small deflection
beams [25,26], has been developed to capture force-displacement
relations of large deflection beams. The CBCM has been verified
as a simple and accurate method for modeling large deflections of
straight [24], circular [27], and noncircular curved [28] beams.
Moreover, its computational cost is lower than that of nonlinear
finite element analysis (FEA) [24,28,29], which is beneficial for
its incorporation in optimization algorithms when it comes to
designing CCTMs.

This study aimed to design a single-stage CCTM with a working
range as extensive as possible. To achieve this goal, we combined
the CBCM calculation method with the non-dominated sorting
genetic algorithm II (NSGA-II) to exploit the superior characteris-
tics of both tools. NSGA-II is a multi-objective algorithm based
on nature for global optimization problems with nonlinear objective
functions. It is an improvement of NSGA, while NSGA is devel-
oped based on the genetic algorithm (GA) method. NSGA differs
from the GA method only in the selection step, so it inherits the
advantages of the GA method. However, NSGA still has limita-
tions, such as slow computation time and dependence on control
parameters. To overcome these limitations, Deb et al. proposed
the NSGA-II, which not only addresses the limitations of NSGA
but also ensures diversity and maintains good individuals across
generations [30]. The set of all non-dominating acceptable solutions
within the feasible region is called the Pareto optimal set. A practi-
cal approach to multi-objective optimization is to search for a set of
solutions that represent the best possible performance within the
Pareto optimal set, known as the Pareto front (the set of the best-
value solutions) [31]. The CBCM accelerates the calculation of
the displacement-moment response curve, thereby allowing
NSGA-II to be implemented with a large number of designs in
the same generation and allowing the algorithm to evolve over
many generations without consuming too much time. The result
obtained in this study was a CCTM with an operating range of
approximately 80 deg. To the best of our knowledge, this is the
largest constant-torque operating range reported to date. This exten-
sive working range and single-stage design open up opportunities
for many applications in which CCTM is used as a tool for
torque control during product operations.

2 Design and Optimization

2.1 Design Concept. Constant-torque mechanisms are widely
used in various applications in which a stable torque is required
during device operation. Figure 1(a) exemplifies an application
scenario of a constant-torque mechanism as a mobility-assisted
device for a human’s knee joint. It could help individuals with
mobility impairments conveniently perform daily activities such
as walking, going up and down stairs, or confidently attending
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Fig. 1 (a) Application of a CCTM as a mobility-assisted device
for human’s knee joint, and (b) concept of large-stroke CCTM

other outdoor activities. The proposed CCTM, shown in
Fig. 1(b), was designed based on the shape optimization method
of a curved beam. The beam is parameterized using a Bezier func-
tion for convenience during the design process. A Bezier curve is a
parametric curve controlled by control points. It does not go through
all the control points but only through the first and last of them. This
characteristic facilitates the realization of changes in the global
shape without introducing too many variables. The aforementioned
Bezier curved beam was polarly triplicated around a rotary shaft to
ensure the symmetrical operation of the mechanism. One end of
each beam was mounted on a rigid bar fixed to a shaft to receive
a rotational input. The other was fixed to the outer ring, which
was used as an anchor. When a particular input torque rotates the
shaft, the slender curved beams are deformed. Unlike most CMs,
CCTM is a special type in which the relationship between torque
and rotation does not comply with Hooke’s law within the elastic
limit. After surpassing the pre-loading region, the mechanism
reaches the working region, where the torque value remains
nearly unchanged with increasing shaft rotation angle, as depicted
in Fig. 2.

2.2 Curved Beam CCTMs: A Brief Overview. Before
describing the design configuration used in this study to obtain a
simple and large-stroke structure objective, the authors reviewed
existing CCTMs based on optimal curved beams (Table 1). Hou
and Lan [6] proposed two types of beams. In type I, the beam
was a combination of five circular curves. Type II was a simpler
form of type I when three circular arcs in the middle were replaced
by a straight line to make a circular-line-circular beam. However,
the stress in type II was higher than in type I because the stress

A Purely elastic mechanism

Torque

Constant-torque mechanism

Constant-torque region
S=b-a

I = ?

|

|
|
Pre-loading :
region | I

>

Rotation

a b

Fig. 2 Torque versus rotation angle of a CCTM
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Table 1

Brief overview of CCTMs based on the optimal curved beams

Study Characteristic of beam

Optimization method

Hou and Lan [6] Five-circular-curve beam (Type I)
Circular-line-circular beam (Type II)
Cubic variable-width spline

Three-cubic-Bezier-curve beam

Prakashah and Zhou [16]
Phan et al. [9]
Qiu et al. [15]

This study Quadratic Bezier curve

Line-arc-line beam (assembly structure)

Generalized multiple shooting method + finincon (MATLAB)

FEA (ANsYS) + fmincon (MATLAB)

FEA (ABAQUS) + GA (MATLAB)

Pseudo-rigid-body model + unknown optimization algorithm
Chained beam-constraint model + NSGA-II

distribution was poor in the straight shape. Phan et al. [9] combined
three cubic Bezier curve segments to design devices in which two
outer curves functioned as a flexible hinge to reduce the stress con-
centration. Prakashah and Zhou [16] used a cubic variable-width
spline with five interpolation points to formulate a beam. Variable-
width beams need more parameters to control their widths, so these
beams were complicated compared with uniform-width beams. Qiu
et al. [15] constructed a line-arc-line CCTM from simple beams;
however, the entire structure of the design was complex because
it was assembled from many parts. It sacrifices the advantage of
CMs as monolithic structures.

2.3 Analytical Modeling. Higher-order curves may promote
more novel designs but could also lead to “cusp” or “loop” phenom-
ena in the beam shape, resulting in unfeasible mechanisms [16,32].
To avoid such phenomena, it is necessary to add more constraints,
which make the optimization problem more complicated. There-
fore, to simplify and avoid the above phenomena without compli-
cating the optimization problem, a quadratic Bezier curve with
three control points, Cy(xpyo), Ci(x1y1), and Cy(x,y,), was
chosen for the slender beam in this study, as shown in Fig. 3.
Given that the design is symmetrical, only one branch is illustrated
and analyzed. The curved beam has a width (w) and a thickness ()
constant throughout its length. To vary its shape and achieve
constant-torque mechanism characteristics, we could change
eight design variables (DVs), including six coordinates of three
control points as well as ¢ and w. However, to reduce the number
of DVs, point Cy, mounted on the outer ring with radius R, is
aligned on the horizontal centerline; thus, its coordinates (xoyo)
are restrained to (—R,, 0). Point C, is attached to the inner ring
with radius R; and governed by angle y. Radius R; is also con-
strained to ensure sufficient space for assembling a shaft on it.
Hence, the coordinates of point C,(x,y,) become re-parameterized
according to the point at the end of the Bezier curve associated with
the rotational axis. Its coordinates are (R; cos y, R; sin y). The

Design

space |
Outer ring />\'« ) 7
/

(Ro) o
) /

x
N

Anchor Inner ring(R;)

Fig. 3 DVs of the Bezier curve

Journal of Mechanisms and Robotics

out-of-plane thickness ¢ affects only the magnitude of the torque
rather than its variation within the operational range. Thus, it was
not selected as a DV. Therefore, there are only six DVs, including
coordinates (x;y;) of Cy, radii R,, R;, angle y, and the uniform
in-plane thickness w of the beam.

CBCM has been extensively studied by Chen et al., where it was
successfully applied to predict force-displacement relationships for
large and complex deflections of flexible beams in compliant mech-
anisms [24,28]. Their findings demonstrated a strong agreement
between the CBCM and FEA, with the largest discrepancies in
torque-input rotation relationships being only 1.75%.

In this study, we conducted a preliminary investigation to vali-
date the accuracy of the CBCM, and the results align closely with
those reported in Refs. [24,28]. Consequently, to streamline our
manuscript, the authors have opted to omit the preliminary and uti-
lized the CBCM method to obtain the angular rotation and torque
relation in the optimization process. A Bezier parametric curve is
typically constructed from control points C;, where two lines of
the polygon connecting the beginning and ending points of the
curve coincide with the two tangent vectors of the curve at these
points. To implement the CBCM calculation model for the curved
beam, control point Cy was selected as the origin of the global coor-
dinate system XOY (Fig. 4(a)). To facilitate the parameterization of
each point on the Bezier curve, tangent line CyC; or axis OX is
rotated by an angle such that it becomes horizontal in the plane
(Fig. 4(b)).

(@) >

Rigid link
(b)
¥
Yi
X
0=0, 7y >
Ly
- Lxo

Fig. 4 Discretization of the beam at the undeflected state of the
(a) original and (b) rotated positions
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The free-body diagram of the curved beam in Fig. 4(b) illustrates
that its right end is subjected to a vertical force F,, horizontal force
P,, and moment M, at its free end. The beam parameters include
out-of-plane thickness ¢, in-plane thickness w, and lengths Ly,
Ly, along the X- and Y-axes, respectively. The Young’s modulus
of the material is £ and the moment of inertia of the beam cross
section is I = mw>/12.

In the CBCM approach, the beam is divided into finite elements
such that each piece is applied by the BCM [33]. The more elements
the beam is segmented, the more accurate the results that can be

[(x2 = x1).(Xip1 — %) + (72 = y1).Qir1 — ¥

obtained; however, this also increases the computation time. A con-
vergence study was conducted, concluding that the discretization of
each beam into 20 segments was sufficient.

Each element is associated with a local coordinate system. The
ith element consists of two-node 0;0,,; with the coordinate
system O:X;Y; located at node i; the X;-axis is the slope and
moves along with the free end of the (i — 1)th element. Each local
coordinate creates an angle f; with the global coordinate, where
the selected O,X;Y; coincides with OXY or f; =0. The remaining
angles f; are determined as follows:

pi= arcos(

The length L; of the ith element is measured along the O,X; axis

L= \/(Xi+1 —x)* + Qs — ¥ )
Then we have
Lyo = Z L; cos f3; 3)
i=1
Lyo = ZL,- sin f; )
i=1

The equation of a quadratic Bezier curve with three control points
Co, C1, and C, is as follows:

P(=(1—-02Cy+2t(1 —C, +1*C, 3)

where ¢ € [0, 1]. If the curve is divided into n segments, the value of
t is divided in increments of 1/n. With n = 20, we have 21 values
of tranging from O to 1 in steps of 0.05. By substituting these values
of r and the coordinates of the control points into Eq. (5), we obtain
the coordinates (x;, y;) of the points on the curve, which are used to
calculate the angles and lengths using Eqgs. (1) and (2).

The angle between the rigid link and OX axis in the initial and
later positions (the deformed position of the CCTM) is denoted as
6, and 0, respectively. Thus, the displacement of the mechanism
is an angle ranging from O to (8 —6,,), as shown in Fig. 4(a).

Figure 5 depicts the ith element in the deformed and initial states.
The displacement in the X and Y directions is AX; and AY,,

Deformed

Undeformed

Fig. 5 The ith element at its deflection position
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Vo =1 + 2 = y1)2 v it = x)% + Giet — i)

),(i=2,3,...,n+1) (1)

respectively. The rotated angle of the ith element relative to its
initial position is denoted by «,; and the slope ¢; of the ith
element after the deformation with respect to the global coordinate
is defined as follows:

i—1
pi=Pi+ ) a ©6)
k=1

The load—deflection relations of each element are derived using
the BCM [34]:

Fl_[12 =6 o], [ 6/5 =1/10][ o

[m,]‘[% 4][] ”"[—1/10 2/15}[(1,-]
{—1/700 1/1400 Mayi] -
"l 171400 —11/6300 || &

_Pa 1 6/5 —1/107[ 6y

_12Ll.2_§[ Vi “"][-1/10 2/15 ][ai]
Z1/700  1/1400 [ 8y

—pil o a"][l/moo —11/6300][a,~:| ®

where the load parameters F;, P;, and M; and deflection parameters
AX;, AY;, and q; of the ith element are normalized as follows:

Ox, i

_PL?

F;I? ML AX; AY;
1 f — L. — . =
EI s JI

o=y = Sy = 2
e T RN T LT

Di A=

(C))

The relationships between the elements are expressed by static
equilibrium equations. The static equilibrium equation of the
beam tip is as follows:

P1 = Do, fl =foa my =my (10)
The static equilibrium equations between the first and the ith ele-
ments (i = 2, 3, ..., n) are as follows:
cosg; sing; O fi f
—sing; cosg; O pi|l=1| pi 11
(I+ox) —oyi 1 || m mi_i

The equations governing the geometry constraints of the whole
beam are defined as follows:
—sing; [ Li(1 + 6x;)
cos g, Lidy;

X”:H:cosgo,-
— sin ¢;

= ’ (12)
_ |:LX0 —R;cosf, +R,-cos/}:|
" | LY, —R;sinf, + R;sin8
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Za,:a—e(, (13)

When an input rotation angle is applied, the reaction torque is
expressed as follows:

T =F,R;cos(f — pyy) — P,R; sin(0 — y0) + M, (14)
The normal stress of the single element is defined as follows:
0(x) = 0p(X) + 04 15)

where o,(x) is the bending stress, and o, is the tensile stress due to
the axial force P.

The bending stress at position x (occurring at the outermost fibers
of the cross section w/2) is obtained once the displacement AY; is
achieved [24]:

Mx)w Ew  _,
=———=—AY
==L
where AY” is defined for two cases:
For p>0, (r=/p)

x € [0; 1] (16)

AY = tanh r cosh (rx) — sinh (rx) cosh (rx) a7
r coshr
For p <0, (r= ‘/—p)
AY = tan r cos (rx) — sin (rx)‘ + cos (rx) m (18)
r cos r
The tensile stress is calculated as follows:
P 2
P gl (19)

Ca =T

2.4. Optimization. This study aimed to develop a quadratic
Bezier curve-based CCTM with a stroke as large as possible and
minimal deviation between the torque generated by the CCTM
and the desired torque values within the limited space of Ry and
R;. The optimal design parameters were obtained by CBCM-based
NSGA-II optimization carried out in MATLAB. Two objective func-
tions must be satisfied in the optimization problem: (1) maximize
the stroke S in the constant-torque operating range, as expressed
in Eq. (20); (2) minimize the deviation between the output and
desired torque according to Eq. (21)

1
Minimize <§> (20)
where S=b—a

b
Minimize[f (6)] =j (T —T,)*do (1)
a

In Egs. (20) and (21), @ and b are the boundaries of the working
zone, as shown in Fig. 2. In the operating range of an ideal CCTM,
the desired constant torque, T, is maintained regardless of the rota-
tion angle. However, depending on the specific configuration of
each design, the values of a and b are set so that the torque
values T(a) and T(b) lie within the tolerance of +5% of T,. There-
fore, these parameters are not predefined for the optimization
process. To determine the value of T, a feasible condition was
embedded in the optimization process. Accordingly, designs with
a sinusoidal relationship between torque and rotation angle (like
the graph shown in Fig. 2) are considered possible when comparing
torque values. It means that the torque will initially go up, then
decrease, and go up again. Then the value of 7, will be the first
maximum torque point. In addition, selecting a and b must satisfy
the constraint on the maximum of the constant-torque working
region.

Journal of Mechanisms and Robotics

The optimization formulation is presented in Table 2. Seven con-
straint functions with different purposes are embedded to govern the
optimization of a CCTM branch, as shown in Fig. 3. Function g,
defines the design space to ensure the minimum length of the
rigid link (R;>10 mm), allowing a driving shaft to fit into a
center hole. It also constrains the overall dimensions of the mecha-
nism encapsulated inside a circle of 100 mm in diameter. Point
Ci(xy, y1) is freely moved inside the annulus (R;, R,) and governed
by the function g,. Function g5 seeks the initial angle (y) of the rigid
link for determining point Co(R; cos y, R; sin y). The bound of the
uniform slender beam width is described in function g4. Function
gs directs the algorithm to probe the candidates with an operating
range larger than 65 deg. The objective function in Eq. (21) evalu-
ates the variation of the operating torque 7(0) to an expected torque
T,. This algorithm searches a CCTM with T, in the range of 190—
210 (Nmm) in function ge. Finally, the function g; ensures that
the mechanism always operates in the elastic region, where the
safety factor is 1.3.

The optimization process, which was verified to be suitable for
solving constrained nonlinear problems, is shown in Fig. 6; it was
implemented automatically using MATLAB. The input parameters,
including material properties, out-of-plane thickness, design
space, and maximum rotation angle of the mechanism, are prede-
fined. Besides, GA parameters must be defined for the operation of
the algorithm, as shown in the “Define GA settings” box. First,
using preliminary inputs, MATLAB randomly generates the initial
population, which has N=40 candidates. Each design will be
regarded as feasible if it fulfills all the constraints in Table 2
before its objective functions are evaluated by the CBCM
method. This first ancestor is then fed into the NSGA-II algorithm
for the evolution process. The maximum number of evolved gen-
erations is M = 100. In each evolutionary cycle, the NSGA-II algo-
rithm exports values of all the design parameters of the CCTM.
Subsequently, these parameters are input for analytical modeling
based on the CBCM method to obtain the rotation angle and
torque relationship of the current CCTM. Next, the torque
values concerning rotation angles from the CBCM analysis are
used to evaluate the objective functions. Finally, NSGA-II calcu-
lates the fitness value of this design for comparison and further
sorting with others in the current generation. Offspring is produced
using a specific type of crossover and mutation. Based on non-
dominated sorting and crowding distance comparison, NSGA-II
chooses the most appropriate individuals for the next generation
and ensures the population size is still maintained at 40. The algo-
rithm terminates when one of the two following conditions is sat-
isfied: (1) the evolution converges or the difference between two
successive generations of the objective function is less than the

Table 2 Formulation of a large-stroke CCTM optimization

(1) Objective functions:
e Maximize the constant-torque operating range according to Eq.
(20)
e Minimize the variation of the torque according to Eq. (21)

(2) Design variables:
e Control points: C;(xy, y;)
e In-plane thickness: w
e Radii: R, R;
e Angle: y

(3) Constraints:
(1) g1: 10<R;<R, <50 (mm)
(i) gR? <x}+yI <R’
(iii) g3:% <& < Z(rad)
(iv) £4:0.5<w<1.0 (mm)
(v) gs: b—a>65 (deg)
(vi) g 190<T,<210(Nmm)
(vii) Maximum stress within the CCTM, g7:6,,<6,/SF
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for each design using CBCM.

i= maXe,

Fig. 6 Flowchart of the CBCM-based NSGA-Il optimization
procedure

tolerance, and (2) the initial number of generations (maxje,) is
satisfied.

It was verified that choosing an appropriate material is crucial for
large-deformation mechanisms. The selected material must have a
ratio o,/E as large as possible, representing the ability of the material
to allow bending before yielding [1]. In this study, commercial
polyether ether ketone (PEEK) was chosen as the structural mate-
rial. For the linear elastic and isotropic model, Young’s modulus
(E) and Poisson’s ratio (v,) of PEEK were set as 3.58 GPa and
0.3, respectively. The out-of-plane thickness of the structure was
set to 8.0 mm.

3 Results and Discussion

3.1 Optimization Results. In this study, CBCM-based
NSGA-II optimization was implemented using the commercial soft-
ware MATLAB. The algorithm in Fig. 6 has shown its convergence

Table 3 Optimal design variables of the proposed CCTM

Design variables Values Unit
Ci(x1, y1) (=30.9, 1.9) mm
R; 16.4 mm
R, 48.8 mm
w 0.66 mm
y 110 degree

after 65 generations. The evolution of the generations is illustrated
in Fig. 7. One of the optimized CCTM:s in the last generation is pre-
sented in Table 3. The optimal configurations of the beam are
plotted in Fig. 8(a), and a 3D model of the CCTM is presented in
Fig. 8(b). The results of the optimization are shown in Fig. 9.
Note that the proposed CCTM achieved an excellent flat long
stroke of 80 deg ranging from 5 deg to 85 deg. The maximum
stress of the mechanism was 128.16 MPa, which occurred at an
input rotation angle of 85 deg. The yield strength of PEEK is
210 MPa, which ensures that the operation of the CCTM takes
place in the elastic region of the material.

3.2. FEA Verification and Experiments. FEA and experi-
ments further verified the analytical modeling results. Nonlinear
FEA was employed for verification using the commercial software
ABAQus. The slender beam was divided into 40 segments with a
two-node linear beam element B21, whereas the rigid link was
also implemented as a two-node element. The geometric nonlinear-
ity option was switched on. The previous section used CBCM for-
mulas to calculate bending and tensile stress developed initially
from the Euler-Bernoulli beam model. However, the beam
element B21 in aBAQuUs is a Timoshenko beam, which further
accounts for the shear deformation. This beam model only affects
stubbly beams where shear effects are significant. In the case of
compliant mechanisms using slender beams, the results from
CBCM and FEA with Timoshenko beam elements have proven
highly consistent [24,28]. In this study, the results were also
similar between CBCM and FEA. As shown in Fig. 10, the
maximum principal stress, occurring at node 29 of element 28, pro-
vided by FEA simulation, i.e., 123.9 MPa, was slightly lower than
that of the CBCM method.

x10°3
17 A
M AA A M A
A The 10" generation A
16 - X Thesot generation A |
O  Thees™ generation
@® The selected design A A
- L N
A
g5t i |
c O WD A
& | 000 00xX00 X A A .
g oo 0® O A
B 14 @0 @x 0 ap o |
% » A
AMX
o L ak A B
A AM
A A A
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12.5 L L L 1 M| L L L P | i 1 i L P T 1
10?2 103 104
Objective function f

Fig. 7 Population distribution of several generations in the revolution process
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Fig. 8 (a) Optimal Bezier curve and (b) 3D model of the CCTM
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Fig. 9 Results from CBCM-based NSGA-Il optimization

For experimental validation, a PEEK prototype was fabri-
cated via a computer numerical control (CNC) milling, as
shown in Fig. 11. The experimental setup is shown in Fig. 12.
The outer ring of the fabricated CCTM was fixed to a plate
mounted on a vertical base. The vertical base and indexing
head were fixed to a vibration-isolation table using bolts to
prevent ground vibration. Washers were used to avoid contact
between the beams and the surface of the plate. The short cylin-
der ensured the concentric rotation of the three beams around
the center of the mechanism. The indexing head rotated the
mechanism, and the torque values were recorded at each step

S, Max. Principal
Bottom, (fraction = -1.0)
(Avg: 75%) Undeformed shape

+1.239e+02 ..
+1.239e+02 s

+1.033e+02
+9.296e+01 —
+8.263e+01 e
+7.230e+01 et

+6.197e+01 ___———T
+5.164e+01 ‘X\
+4.131e+01 e
+3.099e+01

+2.066e+01 ~
+1.033e+01
+0.000e+00

Max: +1.239e+02
Elem: PART-1-1.28
Node: 29

1.. AN

+1.136e+02 i

of 1deg using a digital torque screwdriver from GLKO060
(KTC, Japan) (Fig. 13).

The results of the analytical modeling, FEA simulation, and
experiments are shown in Fig. 14. There is an excellent agreement
between the CBCM and FEA results. The experimental results were
higher than those of the simulation at certain points. The variation in
the testing torque value compared with the average value was also
greater than the predicted values, which can be explained by errors
in the machining process of the flexible beams. The deviations in
the output torque in the operating range are 1.5%, 0.7%, and
3.7% for the CBCM, FEA simulation, and practical model, respec-
tively, as listed in Table 4. Since 7, was not a predefined value, the
desired values were the mean values calculated from the actual
minimum and maximum values. In addition, with the relatively
small preload range of 5 deg, the proportion of the constant-torque
operating range reached 94.1%.

Note that the larger the structure, the larger the displacement that
will be achieved because a larger space between the outer and inner
rings will allow compliant beams to be further deformed with a
lower stress. To design a long-stroke CCTM that is still compact,
the results of this study are compared in Table 5 with those of
CCTMs in the literature. The non-dimensional S* of the operational
stroke with respect to the overall size (or footprint) [29,35] of the
mechanism was utilized to evaluate this aspect

§F=— 22)

Rotary shaft _ e
(rigid link) 3 == ,’
/
!
. /
i T/
- - /
R
51.75

76.73 /O
- 7>/ Deformed shape
123.9

Fig. 10 Simulation results using Asaqus
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Fig. 11 Fabricated CCTM prototype
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Fig. 12 Experimental setup: (a) design and (b) actual testing
model
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Fig. 14 Comparison of the results from CBCM, FEA, and
prototype

Table 4 Output torque deviation

Average  Minimum (at Maximum (at Maximum
Model value 5 deg) 85 deg) deviation (%)
CBCM 199.35 196.4 202.3 1.5
FEA 198.3 196.9 199.7 0.7
Experiment 201.5 194.0 209.0 3.7

As shown in Table 5, the proposed CCTM achieves the largest S
stroke and S*. This indicates that the proposed design accomplishes
the objective of realizing a larger constant-torque operating range
while ensuring a compact structure.

3.3 Reliability Test. Although CMs are becoming increas-
ingly popular in engineering design because of their advantages
over traditional rigid mechanisms, they are susceptible to fatigue
and failure because of the concentrated stress that can occur at crit-
ical points in the mechanism. This is particularly relevant for CMs
with large strokes, which may experience high stress concentrations
over a large range of motion. Therefore, fatigue testing is a critical
step in the design and development of CMs.

This study conducted a reliability test on the proposed CCTM to
investigate its behavior after several cycles of operation using a
fatigue testing machine, as shown in Fig. 15(b). The device was
designed to simulate the cyclic load conditions experienced by
the CCTM during its intended use. The machine principle of load
application is presented in Fig. 15(a); note that the pneumatic cyl-
inder pushes the rack to engage with the gear to rotate the
CCTM. The mechanism was not destroyed after 10,000 cycles of

(b)

Fig. 13 Prototype at different input angles: (a) initial position 0 deg and (b) deformed shape
85 deg
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Table 5 Comparison of the proposed CCTM with previous
designs

Study S (degree) D, (mm) S*

Hou and Lan [6] 50 90 0.56
Prakashah and Zhou [16] 40 80 0.50
Gandhi and Zhou [17] 60 80 0.75
Bilancia et al. [12] 40 100 0.40
Qiu et al. [15] 26 60 0.43
This study 80 97.6 0.82

(@)

( Rack & pinion
L mechanism
Pneumatic
cylinder

Air compressor

Fig. 15 Fatigue testing machine for the proposed CCTM:
(a) CAD design and (b) practical testing equipment

operation. As shown in Fig. 14, the torque stability characteristic
after the fatigue test was still maintained. However, the torque
value was slightly reduced by about 1.7%. It should result from
the material stiffness reduction after the number of fatigue cycles.
These data demonstrate the reliability of the CCTM and ensure
that it will perform as expected over its intended lifespan.

To increase the lifespan of a structure and prevent fatigue failure, it
is necessary to add an objective function to the optimization algo-
rithm. The objective function can be used to minimize the stress con-
centration in critical areas of the mechanism, thereby reducing the
risk of fatigue failure. With the NSGA-II optimization algorithm, it
is possible to implement this easily and efficiently, leading to more
reliable and robust compliant mechanisms in the future.

4 Conclusions

This study proposes a novel single-stage large-stroke CCTM
with a simple structure consisting of three quadratic Bezier
curved beams. An analytical model based on the CBCM was
used to establish the relationship between the output torque,
stress, and input rotation. This model was optimized using
NSGA-II and implemented automatically in matLaB. The CBCM
and FEA results were consistent with deviations within the
desired values of 1.8% and 1.6%, respectively. The proposed
CCTM was validated by fabricating a prototype using CNC
machining. It exhibited a large stroke of 80 deg in the constant-
torque operating range while maintaining compactness compared
to other CCTMs. Furthermore, with the relatively small preload
range of 5 deg, this simple structure CCTM showed a notable
ratio of the constant-torque working range of 94.1%. Finally, a
fatigue test was performed to verify the efficiency and applicability
of the proposed method. The results demonstrate the potential of
this novel CCTM as a simple and effective solution for torque reg-
ulation in various applications.
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Nomenclature
t = out-of-plane thickness of the curved beams
w = width (in-plane thickness) of the curved beams
E = Young’s modulus of the material
I = moment of inertia of the beam cross section
S = constant-torque working stroke
T = reaction torque at the center of the CCTM
f; = normalized state of F;
m; = normalized state of M;
p; = normalized state of P;
C; = control points, i = 0, 1,2
F; = radial force (or vertical force) applied to the i element
F, = radial force (or vertical force) applied to the beam tip
L; = length of the ith element measured along the O.X; axis
Lyo = length of the beam measured along the OX axis
Lyo = length of the beam measured along the OY axis
M; = moment applied to the ith element
M, = moment applied to the beam tip
P; = tangential force (or horizontal force) applied to the ith
element
P, = tangential force (or horizontal force) applied to the beam
tip

R; = radius of the inner ring
R, = radius of the outer ring
a, b = boundary of the constant-torque working range
(x;y;) = coordinates of the control points (i = 0, 1, 2) or of the
point O; (i = 2,3, ..., n+ 1) with respect to the global
coordinate system XOY
y = angle determines the control point C,
6 = initial position of the rigid link
o = normal stress of the single element
a; = rotated angle of the ith element relative to its position
p; = angle between each local coordinate of the ith element
and the global coordinate
6, = later position of the rigid link (the deformed position of
the CCTM)
o, = tensile stress
o, = bending stress
@; = slope of the ith element after the deformation with respect
to the global coordinate
ox; = normalized state of AX;
8y; = normalized state of AY;
AX; = deformation in the X direction of the ith element
AY; = deformation in the Y direction of the ith element
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1. Introduction

Unlike traditional rigid-body mechanisms, compliant mechanisms (CMs) are mechanical devices
that achieve motion via elastic deformation of flexible segments. CMs take advantage of a monolithic
structure including no backlash, no friction, no wear, no lubrication but still ease of fabrication [1].
Constant-torque mechanism (CTM) is a variant of constant-force mechanism (CFM) which has been
attracting many researchers for decades [2-13]. CTMs generate an unchanged output torque regardless
of the input rotation. Such mechanisms make the force control process become much simpler instead of
using a complicated feedback system with actuators and sensors [14-17]. Hence, CTMs have plenty of
potential applications in medical equipment such as mobility-assisting or rehabilitative devices, dynamic
and static balancing of machines [18] as well as aerospace applications [19].

Compared to the blooming development of the counterpart CFMs during the last decades,
compliant CTMs have just been noticing in recent years. Hou et al. designed a compliant CTM used as
a functional joint mechanism [18]. Other compliant CTMs were synthesized by employing variable-
width spline curves [20] or straight beams [21]. In our previous work [22], a novel design of a CTM for
arehabilitation device was developed by using Bezier curves. The major obstacle of all compliant CTMs
during their trips to the operational range is that they have to undergo the preloading range which usually
amounts to one-third of the total angular motion. In addition, the deformation of flexible members is
restricted due to the yield strength of materials. This limited working range hampers other potential
applications of compliant CTMs. In recent literature, this dilemma is eradicated by using pre-
compressed beams as building blocks for compliant CTMs [23, 24]. Regardless of all these efforts, their
absolute working ranges are still humble.
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The concept of creating a CTM in this paper is to regulate the torque-rotation curve of a bi-stable
mechanism to convert the negative stiffness region into a zero stiffness section. In order to further
prolonging the working range of the CTM, this research proposes stacking two CTMs in a serial manner
whilst maintaining the overall compactness of the device.

2. Design
2.1 Design concept and Operational principle

Instead of abiding by Hooke’s law like conventional CMs, CTMs exhibit an irregular torque curve
that radically differs from the purely elastic mechanism as shown in Fig. 1. After the pre-stress range,
the mechanism approaches the quasi-zero stiffness in the constant-torque range. The output torque is
stable irrespective of the variation of the input rotation. In this research, two stages of CTMs are serially
connected which will lead to the sequential operation of each stage depending on their stiffness.

L<7)
A = Hooke's law
5
T; _':__ ____________
L \ll\ ! :
| Eons‘ran’r—furqué :
: mechanism : I
| | ]
I
! | I
| Stage-1(TM | Stage-2 CTM I Rotation
Pre—s‘rress: : | angle ()
1 >
0 a b C

Fig. 1 - Torque — rotation curve of a stacked compliant CTM.

The schematic of a long-stroke CTM in this paper is proposed in Fig. 2. The idea of inducing a
constant torque reaction while the CM deforms is to exploit the snap-through behavior of a specially
designed curved beam as shown in Fig. 2(a). In this paper, Bezier curve is used to parameterize these
beams. A reasonable circumferential arrangement of three alike beams will facilitate its axially
symmetric deformation. In order to maintain the overall small size, two-stage CTMs with different
stiffness are designed.

Eon’r{ol S W
oinfs 1
P e Stage-2 CTM
k Initial shape '
5 (Bezier curve) Anchor "\ Rigid frame
Snap-trough £ T Deformed ‘
A" shape _l_

(a)

Fig. 2- Schematic design of a CTM (a) and its 2-stages long-stroke design concept (b).

In Fig. 2(b), three inner beams of the stage-1 CTM are mounted on a ring associated with a shaft
providing the input rotation. Their other ends are linked to a rigid frame to transfer the rotational motion
to three outer beams of the stage-2 CTM. These outer curved beams, which have fixed ends by the
anchors, will continue deforming after receiving the motion.
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2.2 Optimization design of the CTM.

Shape and size of the curves are obtained via an optimization of Genetic Algorithm (GA) carried
out in MATLAB, and verified by means of finite element analysis (FEA) conducted in ABAQUS. To
define the shape of Bezier curves, control points must be determined. Owing to the symmetry of the
design, only one branch of each level illustrated as beam 1 and beam 2 is analyzed, shown in Fig. 3.

Design space

G i e e e = Anchor
: |
|
Efo Beam 2
/// |
/7/\, | \
|
~ N : \
TN A\
(o2 ! :
7y \
Ay i
> 23 :\ \
(a1, 1A \

Rigid elements

Fig. 3- Schematic of the design variables

For the sake of simplicity, fourth-order Bezier curve beams are chosen for the two beams. As arule
of thumb, the computer resources consumption is usually proportional to the number of design variables.
Therefore some parameters of the CTM are constrained. Here, radii of the outer end of beam 1 and the
inner end of beam 2 are predefined as R48 and R24, respectively. Radius of the center annular shape
that attaches to point C4 is also a predefined parameter (R10) so that it could provide enough space to
set up the shaft. The control point Ci is constrained to the vertical centerline and it is the intersection
of this line with the circle R48. Therefore, there are totally 17 design variables including the (x,y)
coordinates of Cii, Ci2, Ci3, Cao, Ca1, Ca2, C23 and the angles (a4, a;)defining Cia, Cas, respectively, as
well as a uniform width (w) of the beams.
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Fig. 4 - Flowchart of the FEA-based genetic algorithm optimization procedure
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Trial designs are randomly created by using MATLAB based on the preliminary parameters. FEA
by ABAQUS is applied to obtain the behavior between output torque and rotation angle. Simultaneously,
the stress is also evaluated to assure the operation of the CTM within the elastic regime. To simulate
precisely the relationship of flexible segments, the outer end of beam 1 (Ci9) must rotate on the circle
R48. Thus, FEA is applied for all six beams. The rigid links are replaced by 2-node beam elements for
easier simulation. The flowchart of the GA which was verified to be suitable for solving constrained
nonlinear problems is given in Fig. 4. The optimization was implemented automatically by MATLAB
and ABAQUS. Inputs to the GA optimization are divided into two different boxes for the sake of better
understanding of the algorithm. The “Input Parameters” and the “Define GA settings” boxes define the
shape of the mechanism and the GA’s parameters, respectively. In the first loop, MATLAB produces
the text codes “CTM_iput.txt” to define the simulation model based on the design parameters generated
by GA. This model is then fed into the ABAQUS to implement the analysis. The torque — rotation curve
is extracted from the simulation output file to evaluate the objective function in eq. (1). It is finally
returned to the GA to calculate the fitness value for further sorting this design in the current generation.
The nondominated-sorting genetic algorithm (NSGA-II) generates offspring using a specific type of
crossover and mutation and then selects the next generation according to nondominated-sorting and
crowding distance comparison. The algorithm is terminated when the objective function difference
between two successive generations is smaller than the tolerance, the evolution is converged, or the
initial number of generations (max;;.,) is met. The optimization problem in this research is formulated
in the following objective function:

Min[f(8)] = [(T — T)? d6 + [(T — T,)? d8 (1)

In eq. (1), a, b, and ¢ are the margin between the pre-stress zone and the two working zones. The
purpose of the objective function obtained in eq. (1) is to minimize the variation of the torque function
T (0) toward the two constant torques (T; and T,) regardless the rotation angle of the mechanism in the
working range. The numerical integration limits (a,b) and (b, c) depend on the configuration of the
practical torque curve for each design. The criteria to choose these points is that T(a), T (b), and T (c)
should be within the tolerance of +5% of T; and T,. Therefore, they are not predefined parameters of
the optimization process. Generally, the optimization formulation is described in Table 1. To constraint
the design space as well as to reduce the number of design variables, three radii are appropriately chosen
for the purpose of CTM and prescribed as 10 mm, 24 mm, 48 mm, as shown in Fig. 3. Five constraint
functions with different purposes are embedded to govern the optimization process. The functions g,
and g, are to prevent the curved beams from intersecting each other. The functions g5 and g, define the
bound for the width of slender beams and the angles defining points Ci4, Cz4, respectively. The stress of
the mechanism is required in the constraint gs.

Table 1. Formulation of a compliant constant torque mechanism optimization

1. Objective:
— Minimize the variation of the torque follow Eq. (1)

2.Design variables:

— Control points: Cj;(x,y) i=1+2,j=0+4)

— In-plane thickness: w

— Angles: a;, a,
3. Constraints:

i g1: C1(x) < 0;

il g1 G > C;x) (=0+4)

iii. g5:0.7 < w < 1.5 (mm)

iv. g4:m/18 < a < /1.5 (rad)

v. The maximum stress within the CTM, gs: om < oy/SF
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3. Results and Discussion

The designed CTM suffers a large deformation, so choosing a proper material plays a vital role. In
this model, PEEK (polyether etherketone) is selected because of the large ratio o, /E. This ratio is often
used to measure the ability of a material to allow bending before yield. For the linear elastic and isotropic
model, the Young’s modulus (E) of PEEK is taken as 3.58 GPa, the Poisson’s ratio (vp) is taken as 0.3,
and the out-of-plane thickness of the structure is 5.0 mm.

Table 2. Optimum DVs of the CTM

Design variables

Values (mm)

Cio(x,y) (0.00, 48.00)
Ci1(xy) (-0.90, 25.47)
Ci2(x,y) (1.00, 32.53)
Ci3(x,y) (1.79, 32.53)
Cia(x,y) (9.62, -2.74)
Co(x,y) (12.70, 58.13)
Ci(x,y) (35.23, 58.13)
C22(x,y) (12.70, 35.60)
C3(x,y) (43.03, 15.90)
C24(x,y) (7.42,22.83)
a; 105.88°
a, 18.00°
w 0.80
60 5, Mises Deformed shape
F:\f“?;‘s'(,‘gga"“’”:""” | \‘\ Initial shape
T By
40 g
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Fig. 5 - FEM beam element model (a) and simulation results (b)

The GA optimizations in MATLAB integrated with the FEA by ABAQUS are run with 30
generations and a population size of 40 candidates for each generation. The score is the optimal
configurations of the proposed beam-based CTM shown in Fig. 5. These Bezier curved beams are
created from the results of optimum design variables presented in Table 2. It is necessary to build a
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three-dimension model to verify for the nonlinear stiffness and structural integrity of the mechanism and
itis shown in Fig. 6. As seen in the Fig. 6, compliant members was structured in two floors to get enough
space for the deformation to 110°. In the 3D simulation, the anchor ring was eliminated to reduce the
computational time.

Fig. 6 - 3D model of the CTM

The torque — rotation curves of the optimum mechanism are indicated in Fig. 7. In this research, both
beam element model (2D) and solid model (3D) are used to analyze the mechanical behavior of the
mechanism. The former model is used during the optimization stage to fasten the evaluation of a design
due to its simplicity. However, the tradeoff of this method is the approximated modelling to the real
mechanism. It is advisable that the latter 3D-simulation should be implemented to verify the final results.
Fig. 7 shows that the constant-torque value of 3D model is slightly higher than that of 2D model. But
they are in good agreement of both cases. The constant-torque range is divided into two stages at the
angle of 58°. The deviations of output torque of the CTM in the whole working range from 30° to 110°
are 3.8% and 4.3% for 2D-beam model and 3D model, respectively, depicted in Table 3. The flatness of
the torque curve between the operational ranges can be further improved by GA optimization algorithm
if the generation evolution is extended. However, depending on the diversification of the initial
population, global optimum solution in GA can also be hardly found if the whole generation are attracted
to the local optima. The probability percentage of the two genetic operators in GA, crossover and
mutation, can be intervened. Increasing the mutation possibility to produce more outsiders is one of the
solutions to escape those local traps. In the current research, the variation of the torque between the
working range is within the acceptable limits. Therefore, the evolution process is terminated after 30
generations. The torque can be adjusted to higher value by increasing the out-of-plane thickness without
changing the flatness of the mechanism. The maximum stress of the mechanism stands at 128.6 MPa,
shown in Fig. 7, is much smaller than the yield strength of the PEEK material (O'y = 21OMPa). The
stack-up configuration of the CTM introduces more challenges for the conventional fabrication methods.
However with the rapid advancement of 3D-printing technology, the manufacturing for such kind of
products becomes much easier than ever. For PEEK material, several feasible printing methods are fused
filament fabrication (FFF), stereolithography (SLA) or selective laser sintering (SLS). In 3D-printing
technology, the accuracy for each method is evaluated by two criteria, namely, trueness and precision
according to the ISO 5725-1:1994/COR 1:1998. Msallem et al. [25] showed that SLS has the highest
trueness (0.11 + 0.016 mm) when they printed the anatomical models for clinical application. This
method will be used to print the current mechanism and will be presented in the next research.
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Table 3. Output torque deviation
Model Average value Minimum Maximum Maximum
(at 40°) (at 30°) (at 110°) Deviation (%)
2D 164.5 158.6 170.8 3.8
3D 167.1 160.5 174.3 4.3

3. Conclusions

In this paper, a simple and efficient method for the design of a compliant CTM was presented. A
novel large-stroke CTM was proposed by using serially connected curved beams that deform
sequentially. The optimum design is obtained by using genetic algorithm optimization coupled with
finite element analysis. The enlarged operation range diversifies the probable applications for this kind
of mechanism. In addition, taking the merits of compliant mechanisms, the designed CTM is a perfect
replacement for the conventional mechatronic force control system, especially in mobility devices. In
spite of the imperfect result, the proposed configuration is a worthy suggestion for extending the torque-
constant range of other works in the future.
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